NERON-SEVERI GROUPS UNDER SPECIALIZATION 



DAVESH MAULIK, BJORN POONEN, AND CLAIRE VOISIN 

Abstract. We prove that given a smooth proper family X B oi varieties over an 
algebraically closed field k of characteristic 0, there exists a closed fiber having the same 
Picard number as the geometric generic fiber, even if k is countable. In fact, we give two 
proofs, and they show that the locus on the base where the Picard number jumps is "small" 
in two different senses. The first proof uses Hodge theory and the actions of geometric 
monodromy groups and Galois groups to show that the locus is small in a sense related 
to Hilbert irreducibility. The second proof uses the "p-adic Lefschetz (1,1) theorem" of 
Berthelot and Ogus to show that in a family of varieties with good reduction at p, the locus 
is nowhere p-adically dense. Finally, we prove analogous statements for cycles of higher 
codimension, under the assumption of the variational Hodge conjecture or a p-adic analogue 
conjectured by M. Emerton. 



1. Introduction 

1.1. The jumping locus. For a smooth proper variety X over an algebraically closed field, 
let NS X be its Neron-Severi group, and let p{X) be the rank of NS X. (See Sections [2] and [3] 
for definitions and basic facts.) 

Now suppose that we have a smooth proper family X ^ B, where B is an irreducible 
variety over an algebraically closed field k of characteristic 0. If 6 G B{k), then one can 
choose an injection of the Neron-Severi group NS Xf^ of the geometric generic fiber into the 
Neron-Severi group NS Xb of the fiber above b, so p{Xb) > p^Xf^). The jumping locus 

5(fc)j,„ping := {b e B{k) : p{Xb) > piX.-,)} 

is a countable union of lower- dimensional subvarieties of B. If k is uncountable, it follows 
that -B(fc)jumping 7^ B{k). Our main result is that this holds even when k is countable: 

Theorem 1.1. Let k he an algebraically closed field of characteristic 0. Let B he an irre- 
ducible variety over k. Let X ^ B be a smooth proper morphism. Then there exists b G B{k) 
such that p{Xb) = p{Xfj). 

Remark 1.2. The condition p{Xb) = p{Xfj) is equivalent to the condition that NS Xfj NS Xb 
is an isomorphism: see Proposition 13.61 

In fact, we will give two very different proofs of Theorem ll.il The two approaches, which 
prove that the jumping locus is small in two different senses, are outlined in Sections 11.31 
andO 
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1.2. Relationship to previous and current work. Work on Theorem 11.11 and related 
questions goes back at least 25 years. The literature contains an existence proof or construc- 
tion of non-jumping Picard numbers in some special cases: 

• The question of the existence of smooth surfaces in defined over Q having the 
generic Picard number was addressed by T. Shioda |Shi81] . His construction is ex- 
plicit and involves surfaces with large automorphism group. 

• Fix di, . . . ,dn > 1, and consider the universal family X —>■ B of smooth 2r-dimensional 
complete intersections in a fixed p2^'+" cut out by homogeneous polynomials of de- 
grees di, . . . ,dn. Assume that p'^^Xfj) (as defined in Section [10]) equals 1: this holds 
for most tuples [di, . . . , dn)- Then T. Terasoma |Ter85] proves the existence of a com- 
plete intersection X^y over Q in this family such that p^{Xi) = 1. The proof proceeds 
by using the monodromy action on H^['(A:'^, Z£(r)) to bound the Tate classes of the 
closed fibers. 

• The article |E1104j uses a similar method to prove the existence of a degree-rf polarized 
K3 surface X over Q with p{X) = 1 for each even positive integer d. 

• A similar method is adapted in [vL07j to construct an explicit K3 surface X over Q 
with p(Xq) = 1. 

• Terasoma's method is applied in |AV08] to study the variety of lines on a cubic 4-fold. 
On the other hand, E. Amerik [Ame09j uses our Theorem 11.11 to construct a K3 surface S 
over a number field with p{Sq) = 2 and Aut S finite such that rational points on Hilb^^^ S 
are potentially dense, even though there is no abelian fibration to explain this. 

1.3. The complex approach. Our first approach involves complex Hodge theory. To state 
the more precise information about the jumping locus that this approach yields, we introduce 
the notion of "sparse" , which is a version for algebraically closed fields of the notion "thin" 
defined in |Ser97l §9.1] in the context of Hilbert irreducibility. 

Definition 1.3. Let k an algebraic closure of a field kf that is finitely generated over Q. Let 
B be an irreducible /c/-variety. Call a subset S of B{k) sparse (relative to kf) if there exists 
a dominant and generically finite morphism vr: B' B oi irreducible ^/-varieties such that 
for each closed point s & B associated to a point of S*, the fiber vr~^(s) is not a single closed 
point. 

We refer to the end of this introduction for a discussion of this notion. 
The final output of the complex approach is the following: 

Theorem 1.4. Suppose that k is an algebraic closure of a field kf that is finitely generated 
overQ. Let B be an irreducible kf-variety, and let f : X ^ B be a smooth proper morphism. 
Then -B(/i;)jumping is sparse. 

Although Theorem 11.41 has a restriction on k (to make sense of the notion of sparse), 
an easy argument to be given in Section [8] shows that it still implies the general case of 
Theorem 11.11 

The strategy of the proof of Theorem 11.41 is to use Deligne's global invariant cycle theorem 
( |Del71j or |Voi03[ 4.3.3]) and the semisimplicity of the category of polarized Hodge struc- 
tures to decompose the Hodge structure on the Betti cohomology H^(A:'™,Q) as H ® H-^, 
where H consists of the classes invariant under some finite-index subgroup of the geometric 
monodromy group. The space H carries a Hodge structure independent of b; after an etale 
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base change, H comes from the cohomology of a smooth completion of the total space of the 
family. On the other hand, the "essentially varying part" H-^ is susceptible to Terasoma's 
argument. 

1.4. The p-adic approach. For our second proof of Theorem II. 1^ we embed /c in a p-adic 
field (see Section |H]) and apply Theorem 11.61 below, which states that for a family of varieties 
with good reduction, the jumping locus is nowhere p-adically dense. 

Setup 1.5. Let K he a field that is complete with respect to a discrete valuation, and let 
k be the residue field. For any valued field L, let Ol denote its valuation ring. Assume 
that chari^ = and charfc = p > 0, and that k is perfect. Let C be the completion of an 
algebraic closure of K. Let B be an irreducible separated finite-type Oi^-scheme, and let 
/ : A" — ^ 5 be a smooth proper morphism. 

Theorem 1.6. Assume Setup U7R Forb G B{Oc) ^ B{C), let Xf, he the C-variety above b. 
Then the set 

fi(0c)jumping := {b e B{Oc) : p{X,) > p{X-,)} 
is nowhere dense in B{Oc) for the analytic topology. 

To prove Theorem 11.61 we apply a "p-adic Lefschetz (1,1) theorem" of P. Berthelot 
and A. Ogus |B083t Theorem 3.8] to obtain a down-to-earth local analytic description 
(Lemma 15.21) of the jumping locus in B{Oc). This eventually reduces the problem to a 
peculiar statement (Proposition 16.11) about linear independence of values of linearly inde- 
pendent p-adic power series. 

Remark 1.7. It is well known (cf. |BLR90[ p. 235]) that the archimedean analogue of The- 
orem 11.61 is false. For example, let B be an irreducible C-variety, let £^ ^ be a family of 
elliptic curves such that the j-invariant map j : i? — > is dominant, and let X = S S. 
For an elliptic curve E over an algebraically closed field, p{E x E) = 2 + ik End E (cf. the 
Rosati involution comment in the proof of Proposition II. lip . So i?(C)jumping is the set of 
CM points in B{C). In the j-line, the set of CM points is the image of G C : im{z) > 
and [Q{z) : Q] = 2} under the usual analytic uniformization by the upper half plane. This 
image is dense in A^(C), so its preimage under j is dense in B{C). 

Remark 1.8. Remark II. 71 is a particular case of a general topological density theorem for the 
jumping locus (cf. [Voi03t 5.3.4]): In the setting of Theorem 11.11 over A; = C, if the jumping 
locus in B has a component that is reduced and of the "expected codimension" /i^'*^, then the 
jumping locus is topologically dense in B{C). This fact ultimately relies on the topological 
density of Q inside M. 

Remark 1.9. We can give a heuristic explanation of the difference between C and a field like 
C = Cp. Namely, [C : M] = 2, but the analogous p-adic quantity [Cp : Qp] is infinite (in fact, 
equal to 2^° |Lam86] ). So a subvariety in B{Cp) of positive codimension can be thought of 
as having infinite Qp-codimension. This makes it less surprising that a countable union of 
such subvarieties could be nowhere p-adically dense. 

Remark 1.10. If A" ^ 5 is as in Remark 11.71 but over an algebraic closure /c of a finite field 
Fp, then again we have p{Xfj) = 3, but now p{Xf,) > 4 for all b G B{k) since every elliptic 
curve E over k has endomorphism ring larger than Z. Thus the characteristic p analogue 
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of Theorem 11.11 fails. On the other hand, it seems hkely that it holds for any algebraically 
closed field k that is not algebraic over a finite field. 



1.5. Applications to abelian varieties. J. -P. Serre |SerOOl pp. 1-17] and R. Noot |Noo95t 
Corollary 1.5] used something like Terasoma's method, combined with G. Faltings' proof of 
the Tate conjecture for homomorphisms between abelian varieties, to prove that in a family 
of abelian varieties over a finitely generated field of characteristic 0, there exists a geometric 
closed fiber whose endomorphism ring equals that of the geometric generic fiber; in fact, 
their argument proves a sparseness statement analogous to Theorem II. 4[ Our Theorem 11.11 
reproves the existence result without Faltings' work, and Theorem 11.61 strengthens this by 
showing that in the p-adic setting, the corresponding jumping locus is nowhere p-adically 
dense in the good reduction locus: 

Proposition 1.11. Assume Setup n~5\ and assume moreover that X ^ B is an abelian 
scheme. Then 

{b G B{Oc) '■ EndA'jj EndA';, is not an isomorphism} 
is nowhere dense in B{Oc) for the analytic topology. 

Proof. Choose a polarization on A"^, and replace i? by a dense open subvariety to assume that 
it extends to a polarization oiX ^ B. For a polarized abelian variety A, the group (NS A)q is 
isomorphic to the subspace of (End A)q fixed by the Rosati involution: see |Mum70t p. 190], 
for instance. (The subscript Q denotes ®Q.) Thus the (End A)q jumping locus for X ^ B 
equals the Picard number jumping locus for X Xb X B. Apply Theorem 11.61 with X := 
X XbX. Finally, if (End Xfj)Q^ (End XbjQis an isomorphism, then End Xfj "—>■ End Xb is an 
isomorphism, as one sees by considering the action on torsion points (this uses characteristic 
0). □ 

Remark 1.12. Theorem 1.7 of |Noo95] states that for any algebraic group G arising as a 
Mumford-Tate group of a complex abelian variety, there exists an abelian variety A over a 
number field F such that the Mumford-Tate group of A equals G and such that moreover the 
Mumford-Tate conjecture holds; i.e., the action of Gal(F/F) on a Tate module TiA' gives 
an open subgroup in G{Qe)- 

It would be natural to conjecture a "nowhere dense" analogue, i.e., that the locus in a 
family of abelian varieties where the Mumford-Tate group jumps (downward) is nowhere 
p-adically dense in the good reduction locus. But we know how to prove this only if we 
assume Conjecture 110.61 from Section [TOl 

A proof similar to that of Proposition 11.111 yields another application of Theorem ll.lt 

Proposition 1.13. Let k be an algebraically closed field of characteristic 0. Let A be an 
abelian variety defined over k. Let B be an irreducible k-variety. Let X ^ B be an abelian 
scheme that is not locally isotrivial for the etale topology. Then there exists b G B{k) such 
that Xf) is not isogenous to A. 

Remark 1.14. Under the appropriate hypotheses on k and X ^ B, Theorems 11.41 and 11.61 
prove the analogous strengthenings of Proposition I1.13[ 
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1.6. Sparse versus nowhere p-adically dense. The purpose of this subsection is to de- 
velop basic properties of sparse sets, and to discuss the difference between the two notions 
of smallness appearing in Theorems 11.41 and 11.61 

Proposition 1.15. 

(a) For any closed subscheme Z C. B, the subset Z{k) is sparse. 

(b) A finite union of sparse sets is sparse. 

(c) A dominant and generically finite morphism of irreducible varieties maps sparse sets to 
sparse sets. 

(d) If S is a sparse subset of K^{k), then S fl K^{kf) is a thin set. 

(e) The complement of a sparse subset of B{k) is Zariski dense in B. 

(f) Let L be a finite extension of kf, let B be an irreducible L-variety, and let kjB be the 
same scheme viewed as a kj-variety. Then the inclusion B{k) ^ k^.B{k) maps any 
sparse subset of B{k) relative to L to a sparse subset of kfB{k) relative to kj. 

(g) Let L be a finite extension of kf, let B be an irreducible kf-variety, and let C be an 
irreducible component of the base extension Bl. Then the inclusion C{k) ^ B^ik) = 
B{k) maps any sparse subset of C{k) relative to L to a sparse subset of B{k) relative to 
kf. 

Proof. 

(a) Take B' = B- Z. 

(b) Choose a irreducible component dominating B in the fiber product of the varieties B' 
over B. 

(c) Trivial. 

(d) By definition. 

(e) Suppose not. Then there is a nonempty open subscheme U oi B such that U{k) is 
sparse. After shrinking [/, there is a finite surjective morphism from U to a, nonempty 
open subscheme V of some A". Then V{k) is sparse by (jcj), so V{kf) is a thin set by 
([d]). This contradicts the fact that /c/ is Hilbertian. 

(f) Given a dominant and generically finite morphism of irreducible L-varieties B' B, 
consider the /cj-morphism ^^.B' —>■ ^^B. 

(g) The fc/-morphism kfBi B induces a dominant and generically finite /cj-morphism 
k^C B. Apply d) and □ 

Warning 1.16. Unfortunately, the notion of sparse is sensitive to the ground field within its 
algebraic closure. For example, ii B = A^^ and L is a nontrivial finite extension of kf, then 
the set of points in B{k) = k whose field of definition contains L is sparse relative io kf (use 
B' := Al-^ B), but not sparse relative to L (see Proposition ll.lSl ldl)). 

The following proposition, which is not needed elsewhere in this article, shows that neither 
of the properties of being sparse or nowhere p-adically dense implies the other. 

Proposition 1.17. 

(i) Let kf be a number field. Fix embeddings A;/ C Q C Cp. Let n: B' ^ B be any dominant 
and generically finite morphism of irreducible kf -varieties such that degTr > 1. Let 
S C B{Q) be the sparse subset defined by vr. Then S is dense in B{Cp). 

(ii) There exists a subset S of Q that is nowhere p-adically dense but not sparse. 
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Proof. 



(i) It suffices to prove that given a generically finite morphism B' ^ B over kj, any 
nonempty p-adic open subset U of B'{Cp) contains a Q-point u wliose field of definition 
kf{u) equals kf{Ti{u)). This will be shown by a variant of the argument in |Poo01j . 
By replacing B' and B by dense open subschemes and composing with a generically 
finite morphism B A", we reduce to the case B = A". We may also assume that 
n > 1, that B' is etale over B, and that B' is a locally closed subscheme in A""*"^, 
with 71 being the projection onto the first n coordinates. Choose uq E U H -B'(Q), and 
let F = kfiuo). Using weak approximation, we find a line L in A^ passing p-adically 
close to Uq such that the Galois conjugates of vr(L) other than vr(L) do not pass near 
7r(uo). A general such L is not parallel to any coordinate hyperplane, and intersects 
B' in a point u G -B'(Q) H U p-adically near Uq. The assumptions on ti{L) imply that 
F C kf{7r{u)) C kf{u). Since each of the n + 1 coordinates of m is a linear polynomial in 
any other coordinate, each generates the same field extension of F, so kf{7r{u)) = kf{u). 

(ii) The set Q is nowhere p-adically dense in Cp. On the other hand, Q is not thin in Q, 
so Proposition I1.15l1d|) proves that Q is not sparse. 

□ 

Remark 1.18. In the setting of Theorem II. H but over a field k of characteristic that need 
not be algebraically closed, either Theorem 11.41 or Theorem 11.61 can be used to show that 
there exists d > 1 such that 

{beB\ [K{b) ■k]<d and p{Xi) = piXf^)} 

is Zariski dense in B. In fact. Theorem 11.41 and Proposition I1.15lfcl[d|) show that the degree 
of any generically finite rational map B --->■ P" can serve as d. 

1.7. Outline of the article. After introducing some notation in Section [2|, we review some 
standard facts about Neron-Severi groups and specialization maps in Section [31 Section 
m which uses only etale and Betti cohomology, and some Hodge theory, is devoted to the 
proof of Theorem II. 4[ The next three sections prove Theorem 11.61 Section [5] discusses some 
basic properties of crystalline cohomology and convergent isocrystals, and applies them to 
give a local description of the jumping locus; Section [H] proves the key p-adic power series 
proposition to be applied to understand this local description; and Section [7] completes the 
proof. Section [H] shows that either of Theorems 1 1 .41 or 1 1 . 61 can be used to prove Theorem ll.il 

Section [9] gives an application of Theorem ll.il if all closed fibers in a smooth proper family 
are projective, then there exists a dense open subvariety of the base over which the family 
is projective, assuming that the base is a variety in characteristic 0. 

Finally, Section [10] explains conditional generalizations of our results to cycles of higher 
codimension. The generalization of Theorem 11.41 is proved assuming the variational Hodge 
conjecture, and the generalization of Theorem 11.61 is proved assuming M. Emerton's p-adic 
version of the variational Hodge conjecture (Conjecture ll0.6l) . Either of these would yield the 
generalization of Theorem 11.11 We also prove that the p-adic variational Hodge conjecture 
implies the classical variational Hodge conjecture. 
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2. Notation 



If A is a commutative domain, let Frac(y4) denote its fraction field, li A ^ B is a ring 
homomorphism, and M is an A-module, let Mb denote the 5-module M ®a B. If /c is a 
field, then k denotes an algebraic closure, chosen consistently whenever possible. Given a 
prime number p, let Zp be the ring of p-adic integers, let Qp = Frac(Zp), choose algebraic 
closures Q C Q^, and let Cp denote the completion of Qp. 

For any S'-schemes X and T, let Xt be the T-scheme X XsT. For a commutative ring R, 
we may write R as an abbreviation for Spec R. A variety is a separated scheme of finite type 
over a field. If B is an irreducible scheme, let r] denote its generic point. If G -B, let K,{b) 
be its residue field and let b = Specfi;(6). For example, if A" — *■ i? is a morphism, then Xfj is 
called the geometric generic fiber. If X is a variety over a field equipped with an embedding 
in C, then X^^ denotes the associated complex analytic space. 

If <^ is a complex analytic space and z is a nonnegative integer, then we have the Betti 
CO homology H.\3^,F) for any field F. If X is a variety over a field k, and i and j are 
integers with i > 0, and £ is a prime not divisible by the characteristic of k, then we have 
the etale cohomology Hg^(X^, Qe{j)), which is equipped with a Gal(/i;//c)-action (replace k by 
a separable closure if k is not perfect). 

3. Basic facts on Neron-Severi groups 

3.1. Picard groups and Neron-Severi groups. For a scheme or formal scheme X, let 
PicX be its Picard group. If X is a smooth proper variety over an algebraically closed field, 
let Pic°X be the sub group consisting of isomorphism classes of line bundles algebraically 
equivalent to (i.e., to ^x), and define the Neron-Severi group NSX := Pic X/ Pic" X. The 
abelian group NSX is finitely generated |Ner52l p. 145, Theoreme 2] (see |SGA 61 XIII. 5.1] 
for another proof), and its rank is called the Picard number p(X). 

Proposition 3.1. If k C k' are algebraically closed fields, and X is a smooth proper k- 
variety, then the natural homomorphism NS X — > NS X^/ is an isomorphism. 

Proof. The Picard scheme Picx/fc exists as a group scheme that is locally of finite type 
over k (this holds more generally for any proper scheme over a field: see |Mur64t 11.15], 
which uses |Oor62j ). Then Pic° X is the set of A;-points of the identity component of Picx/k 
|Kle05t 9.5.10]. So NS X is the group of components of Picx/k- Thus NS X is unchanged by 
algebraically closed base extension. □ 

Remark 3.2. The Nakai-Moishezon criterion |Har77t A. 5.1] implies that ampleness of a line 
bundle =Sf on a variety X over any field K depends only on its class in NSX^ for any 
algebraically closed field L containing K. 

3.2. Specialization of Neron-Severi groups. 

Proposition 3.3 (cf. [SGA 61 X App 7]). Let R be a discrete valuation ring with fraction 
field K and residue field k. Fix an algebraic closure K of K. Choose a nonzero prime ideal 
p of the integral closure R of R in K, so k := i?/p is an algebraic closure of k. Let X be a 
smooth proper R-scheme. Then there is a natural homomorphism 

sp^,^: NSX^^NSXp 
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depending only on the choices above. Moreover, ifspj^-j^ maps a class [=Sf] to an ample class, 
then is ample. 



Proof. As in |SGA 61 X App 7.8], we have 

(3.4) PicX^ «^ PicX ^ PicXfc. 

If =Sf is a line bundle on Xk whose image in PicXfc is ample, then the corresponding line 
bundle on X is ample relative to Speci? by jEGA IIIJl 4.7.1], so ^ is ample too. 

For each finite extension L of K in K, the integral closure Rl of i? in L is a Dedekind 
ring by the KruU-Akizuki theorem |Bou98t VII. 2. §5, Proposition 5], and localizing at p CiRl 
gives a discrete valuation ring i?^. Take the direct limit over L of the analogue of (13.41) for 
R'l to get P icX:^ ^ PicX^ (cf. |S(;A 61 X App 7.13.3]). This induces NSX;^ ^ NSX^ 
(cf. |SGA 61 X App 7.12.1]). The ampleness claim follows from Remark l3.2l and the statement 
for Pic already discussed. □ 

Remark 3.5. In Proposition 13.31 if R is complete, or more generally henselian, then there is 
only one choice of p. 

Proposition 3.6. Let B be a noetherian scheme. Let s,t & B be such that s is a specializa- 
tion oft (i.e., s is in the closure of {t} ) . Let p = char k{s) . Let X ^ B be a smooth proper 
morphism. Then it is possible to choose a homomorphism 

spj-- Ns;ft -ansa's 

with the following properties: 

(a) If p = 0, then spj j is injective. 

(b) If p = 0, then coker(spj j) is torsion-free. 

(c) If p > 0, then ([aj) and (jb]) hold after tensoring with Z[l/p]. 

(d) In all cases, p{Xs) > p{Xt). 

(e) //spf J maps a class [^] to an ample class, then S£ is ample. 

Proof. A construction of spj ^ is explained at the beginning of |SGA 61 X App 7.17]: the idea 
is to choose a discrete valuation ring R with a morphism Speci? = B mapping s' 

to s and t' to t, to obtain 

NS Xi ^ NS Xi, NS X-,, ^ NS X-,, 

with the outer isomorphisms coming from Proposition 13.11 
For any prime i ^ p, there is a commutative diagram 

(3.7) NS Xi ® If YLl{X-u Z,(l)) 

NS Xs ® Kti^-si M^)) 

(cf. jSGA 61 7.13.10]: there everything is tensored with Q, but the explanation shows that in 
our setting we need only tensor with Z[l / (i — 1)!] with i = 1). This proves ([a]) and its analogue 
for p > 0. By ([32D, coker(sp4-5) ® is contained in coker {mXt®Zt ^ H^^(A'<-, Z£(l))). 
Using the Kummer sequence, one shows [MilSOl V.3. 29(d)] that the latter is TeBr X 



lim (Br X) [£"] , which is automatically torsion-free; this proves (jb]) and its analogue for p > 0. 
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Finally, ([d]) follows from the earlier parts, and (jej) follows from the corresponding part of 
Proposition 13. 3[ □ 



Corollary 3.8. Let B he an irreducible variety over an algebraically closed field, let X ^ B 
be a smooth proper morphism, and let b G B{k). If every element of NS has a positive 
integer multiple that lies in the image of Pic X PicA";, — ^ NS A";,, then p(A;,) = p{Xf^). 

Proof. The construction of sp^^ ^ shows that Pic X NS factors as 

Pic X Pic Xr, Pic Xfj NS Xf^ NS Xb, 

so the hypothesis implies that sp^ : (NS Xfj)Q (NS Xb)Q is surjective. Thus p{Xfj) > p{Xb). 
Proposition I3.6l (ldl) supplies the opposite inequality. □ 

Proposition 3.9. Let B be a noetherian scheme. For a smooth proper morphism X ^ B 
and a nonnegative integer n, the set 

5>„ ■.= {bEB: piX-b) > n} 

is a countable union of Zariski closed subsets of B. 

Proof. Proposition I3.6l1d|) says that i?>„ contains the closure of any point in -B>„. So if 
B = Spec A for some finitely generated Z-algebra A, then B>n is the (countable) union over 
b G B>n of the closure of {b}. If the statement is true for X ^ B, then it is true for its 
base extension by any morphism t: B' ^ B oi noetherian schemes, because Proposition 13.11 
implies B'^^ = L~^{B>n)- Combining the previous two sentences proves the result for any 
noetherian affine scheme. Finally, if B is any noetherian scheme, write B = [J"^i Bi with 
Bi affine, let Cj be the union of the closures in B of the generic points of all the irreducible 
components of the closed subsets of Bi appearing in the countable union for {Bi)>n, and let 
C = UiLi ^i- Then B>n = Ur=i(-^«)>" — ^ opposite inclusion follows from the first 

sentence of this proof. □ 

Corollary 3.10. Let k C k' be algebraically closed fields. Let B be an irreducible k-variety. 
For a smooth proper morphism X ^ B, the jumping locus 

B{k%^^^^ := {h e B{k') : p{Xb) > p(A',-)} 

is the union of Z{k') where Z ranges over a countable collection of closed k-subvarieties of 
B. 

Proof. Proposition 13.91 yields subvarieties Z for the case k' = k. The same subvarieties work 
for larger k' by Proposition 13. ![ applied as in the proof of Proposition 13. 9l to the base change 
morphism l: By —^B. □ 

3.3. Pathological behavior in positive characteristic. The material in this section is 
not needed elsewhere in this article. Let i? be a discrete valuation ring, and define K., k, K, k 
as in Section [3l2l The two examples below show that sp-j^^ is not always injective. 

Example 3.11. There exists R of equal characteristic 2 and X — Speci? such that and 
X-j^ are Enriques surfaces of type Z/2Z and a2, respectively |BM76t p. 222]. (The type refers 
to the structure of the scheme Pic^ parameterizing line bundles numerically equivalent to 
0.) In this case NSX;^ — > NSX^ has a nontrivial kernel, generated by the canonical class of 
Xj^, an element of order 2. 
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Example 3.12. There exists R of mixed characteristic (0,2) and X — > Speci? such that 
and X-^ are Enriques surfaces of type Z/2Z and /i2, respectively |Lan83l Theorem 1.3], 
so again we have a nontrivial kernel. 

Next, we give an example showing that coker(sp7^^) is not always torsion-free. 

Example 3.13. Let be the maximal order of an imaginary quadratic field in which p splits. 
Let ff' be the order of conductor p in iff. Over a finite extension R of Zp, there exists a p- 
isogeny ifj: E ^ E' between elliptic curves over R such that End E-j^ ~ O and End E^ ~ O' . 
Since p splits, E has good ordinary reduction and End-E^ ~ O. But ip must reduce to either 
Frobenius or Verschiebung, so End£'^ ~ O too. Using that coker (End-E^— > End-E^) is 
of order one can show that the cokernel of NS((£" x E')^) NS{{E' x -E")^) contains 
nonzero elements of order p. 

4. The complex point of view and an application of Terasoma's lemma 

Our goal is to prove Theorem I L4[ After recalling a few standard definitions in Section H?T| 
we state in Sect ion an auxiliary result (Theorem 14. 21) about restrictions of Tate classes and 
Hodge- Tate classes. Sections 14.31 through 14.71 use Deligne's global invariant cycle theorem, 
semisimplicity of the category of polarized Hodge structures, and Terasoma's lemma to prove 
Theorem 14.21 Finally, Theorem 11.41 is deduced from Theorem 14.21 in Sections 14.81 and 14.91 

4.1. Tate classes and Hodge- Tate classes. Let F be a smooth projective variety over a 
finitely generated subfield kf of C, and let k be the algebraic closure of A;/ in C. 

A degree 2r Tate class on Yk is a cohomology class in }lll{Yk,Qe{r)) whose orbit under 
Gal{k/kf) is finite. Given a codimension-r cycle Z on Yk, its cohomology class (see Defi- 
nition [TOiT]) is a Tate class, because Z is definable over a finite extension of kf. The Tate 
conjecture asserts the converse, that Tate classes are classes of algebraic cycles. 

A (rational) Hodge class on F'^" is an element of B.^^'iY^'', Q) n Fif E^^Y^"", C), where Fif 
denotes the r^^ level of the Hodge filtration. The class in H^^(y^'^, Q) of any codimension-r 
cycle on Y'^'^ is a Hodge class. The Hodge conjecture asserts the converse, that Hodge classes 
are classes of algebraic cycles. 

A Hodge- Tate class is a Hodge class whose image under the comparison isomorphism 
g2r(^yan^Q) (g) ^ Hg[(Yfc, (^^(r)) is a Tate class. If the Hodge conjecture is true, then 
Hodge classes are Hodge- Tate. In particular, if r = 1, where the Hodge conjecture is known 
as the Lefschetz theorem on (1, l)-classes, Hodge classes are Hodge- Tate. 

4.2. Tate classes of closed geometric fibers. For the rest of Section H] except Section H^Qj 
we work under the following assumptions. 

Setup 4.1. Let kf he a finitely generated subfield of C, and let k be the algebraic closure 
oi kf in C. Let S be a smooth quasi-projective geometrically irreducible fc/- variety, and let 
/ : A" — > S be a smooth projective morphism. 

Section 14.91 will show how to reduce the general case of Theorem 11.41 to this setting. 

Theorem 4.2. Assume Setup\4jJ\ After possibly replacing kf with a finite extension and 
X ^ B by its base extension by a finite etale morphism B ^ B of geometrically irreducible 
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kf-varieties, if X is a smooth projective completion of the new X , then for all b G B{k) 
outside a sparse subset, the restriction map 

(4.3) j:, : alliX, Q,(r)) ^ RIHX,, Q,(r)) 

induced by the inclusion j : Xi, ^ X restricts to a surjection between the sets of Tate classes 
on both sides, and between the sets of Hodge- Tate classes on both sides. 

4.3. Essentially invariant classes. Let b E B(C). The geometric monodromy group is 

the analytic fundamental group tti (5^"", 6). Say that a class a e H^'"(A'j^°, Q) is essentially 
invariant if its orbit under 7Ti{B^'^, b) is finite. 

Let H be the subspace of essentially invariant classes. Since dim if < oo, there is a finite- 
index normal subgroup F C 7ri{B''^'^,b) such that H is the set of F-invariant elements in 
li^ (X^^ , Q) . The finite unramified analytic cover corresponding to F is the analytization of 
some finite etale cover B ^ B equipped with a base-point b mapping to b, all defined over 
some finite extension oi kf. Replace fc/ by this finite extension, replace X B hj its base 
extension hj B ^ B, and replace 6 by 6 to reduce to the case that 7ri(i?'^°, b) acts trivially 
on H. Let X he a. smooth projective completion of the new X. 

As b varies, the H form a locally constant subsystem of R^/f'^Q, and the geometric mon- 
odromy action on each fiber of this subsystem is now trivial. 

4.4. Application of Deligne's global invariant cycle theorem. This section is devoted 
to the Hodge-theoretic ingredients needed for the proof of Theorem 14. 2[ Fix an ample line 
bundle ^ on X. 

Proposition 4.4. Let b G B{C). Let H be the set of essentially invariant elements of 
H2'"(A'^^'^,Q). As m Section\l^ assume that 7ri{B'^"^, b) acts trivially on H. Then 

(i) The set H is a Hodge substructure of}i^^'{X§-'^, Q) . There is a natural ( and in particular, 
monodromy-invariant) decomposition of Hodge structures 

(ii) There is a decomposition of Hodge structures 

b.^'(x"\q) = K®K^ 

such that the restriction map 

j*:H2'"(:Y'°,Q)^H2^(A'r,Q) 

maps K to Q and induces an isomorphism of Hodge structures K-^ H. 

(iii) Any nonzero a G has an infinite orbit under 7ri{B'^'^,b) . 

Proof. This is an immediate consequence of Deligne's global invariant cycle theorem (or the- 
orem of the fixed part) and the semisimplicity of the category of polarized Hodge structures 
(cf. |Del71j ). For the convenience of the reader, we construct this decomposition in more 
detail, because we want to make clear that it is also Galois- invariant. 

Under our hypothesis on H, Deligne's global invariant cycle theorem (cf. |Del71] or |Voi03[ 
4.3.3]) says that H = imj*. Since j is a morphism of projective varieties, j* is a morphism 
of Hodge structures, so if is a Hodge substructure of }i^^{X^^, Q). 

The Hodge structure }i^^{X , Q) is polarized using =5f, and similarly H^'^(A'^^", Q) is polar- 
ized using '■= -^Ixf Namely, the rational cohomology class ci(^b) yields a nondegenerate 
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pairing on Q) and yields the Lefschetz decomposition of this Hodge structure into 

a direct orthogonal sum of "primitive components" which are rational Hodge substructures. 
On each primitive component, the restriction of the pairing above gives (up to sign) a polar- 
ization of the corresponding Hodge substructure (see |Voi02t 6.3.2] for more detail). Changing 
the signs of the above pairings where needed on some pieces of this Lefschetz decomposition, 
we get a polarized Hodge structure on H.'^^ {X^^ , Q) . Similarly we get a polarized Hodge 
structure on E^'' Q) . 

The importance of the polarizations lies in the fact that for a polarized Hodge structure, 
the polarization remains nondegenerate on any Hodge substructure. This yields (ji]) with H-^ 
defined as the orthogonal complement of if = imj* with respect to the pairing defined by 
the polarization. Similarly, we define K := ker j* and to prove (jn]). Finally, the original 
definition of H yields □ 

4.5. The corresponding decomposition of etale cohomology. In this section we prove 
an analogue of Proposition 14.41 for etale cohomology. We continue to use the notation of 
Setup 14.11 and Proposition 14.41 but assume moreover that b is defined over a finite extension 
kf{b) of kf contained in k. 

The comparison theorem for etale and Betti cohomology yields an isomorphism of Qr 
vector spaces 

(4.5) RlliX-,, Q,(r)) ^ Q) ® Qe- 

Let 7Ti{B^,b) denote the profinite completion of 7ri(5'''^, b). Since 7Ti{B^'', b) acts on H^'^(A';f", Z), 
there is an induced action of 7ri(5^°, b) on E^''{X^'', Q) ® Q^. 

Proposition 4.6. 

(i) We have Qi-vector space decompositions 

All four summands are preserved by the action of GaA{k/kf{b)) on the left hand sides. 

The summands Hq^ and {H-^)q^ are preserved also by 7Ti{B^^,b). 

(ii) The restriction map j*^ in fl4.3p maps Kq^, to and induces a Ga\{k / kf{b))-equivariant 
isomorphism (A'-'-)q^ — > Hq^. 

(iii) Any nonzero a G {H-^)q^ has an infinite orbit under tti (i?'^'^ 6) . 

Proof. We start with Proposition I4.4l(p|iil) . tensor with Q^, and apply the comparison isomor- 
phisms. This yields the decompositions, and transforms j* into jg^, and the two summands 

Hq^ and {H-^)q^ are invariant under tti^B^"^, b) and hence also under tii{B''^'^, b), but we must 
check that all four summands are preserved by Gal(fc/fc/(fe)). 

Since j*^^ arises from a A;/(6)-morphism, it is Galois-equivariant, so its kernel Kq^ and 
image Hq^, are Galois-invariant. On the other hand, the intersection pairing we used on 
RlliXi, Qi{r)) = R'^^'iM^'', Q)^Qi to construct the orthogonal complement (i/^)^, is Galois- 
invariant, because it is deduced from the natural intersection pairing induced by the hard 
Lefschetz isomorphism satisfied by the Galois-invariant class Ci(=Sfb), by changing signs of 
this pairing on certain pieces of the Lefschetz decomposition relative to ci{J^b). This proves 
(UD and dUD. 
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We turn to dm]). Suppose that the class a G {H-^)iq^ has finite orbit under 7ri(i?^°,6). 
Then there is a finite-index subgroup F < 7ri(i?'^'\ b) fixing a. Now 

a e {{H^hf = {H^f 0Qe = O 
by Proposition I4.4l1iiil) . □ 

4.6. Tate classes in the essentially varying part: Terasoma's lemma. The goal of 
this section is to prove the following. 

Proposition 4.7. For all b G B{k) outside a sparse subset, the summand {H-^)q^ of 
Hg[(A5, Q^(r)) does not contain any nonzero Tate classes. 

Proof. Choices as in Section 13.21 let us define a specialization isomorphism between 

(4.8) RlliX,, Q,(r)) and RIHX-,, Q,(r)) Q) ® Qi 

and an isomorphism of etale fundamental groups 7rf^{Bk,f]) ~ Txf^{Bk,b) making the re- 
spective actions of the groups 

(4.9) 

Gsl{kf{B)/kf{B)) D G^\{k{B)/k{B)) ^ vrf r/) and vrf ^^(5^, b) 7ri'(S^6) 

on the spaces in (14. 8 p agree. Identify the three spaces in (14.81) so that all five groups in (14.91) 
act. Then Proposition I4.6lfliil|) implies that each nonzero a G {H^)q^ has an infinite orbit 
under GaA{kf{B)/kf{B)). The Tate classes are those with finite orbit under a sixth group 
Gal{k/kf{b)) acting on the middle in (14.81) . so Proposition 14.71 now follows from Lemma [4. 101 
below. □ 

Lemma 4.10 (Terasoma). For allb G B{k) outside a sparse subset, the image of Ga\{k / k f{b)) 
AutH^;(Af5,Q£(r)) contains the image of Gal(kJ{B)/kf{B)) Aut H^[(A'^, Q^(r)). 

Proof. See |Ter85j . and also |GGP04t Lemma 8], which states the result in the slightly more 
general context we are using. □ 

4.7. Proof of Theorem 14.21 As explained in Section IT3l we may assume that 7ri(i?^'\6) 
acts trivially on H. Let G Hg[(A'b, Qe{r)) be a Tate class. If b is outside the sparse set of 
Proposition 14. 7^ then at lies in the part Hq^ of the decomposition in Proposition I4.6l (p| . By 
Proposition |4,6J|ii]), j*^ restricts to a Gal(A;/A;/(6))-equivariant isomorphism {K-^)qi, — > Hq^,, 
so there exists a G {K-^)q^ C H^[(A', Q^(r)) mapped by j*^ to and a is a Tate class on 
X. 

If moreover is Hodge- Tate, then the Hodge structure isomorphism — > if in Propo- 
sition I4.4l1il|) maps a to at, so a is Hodge- Tate too. 

4.8. Proof of Theorem ll.4l in the projective case. In this section we prove Theorem ll.4l 
under the assumptions in Setup 14. 1[ 

We may replace kf with a field extension and replace 5 by a finite etale cover B, as 
required by Theorem 14.21 without affecting the hypotheses or conclusion of Theorem II. 4[ 
because of Proposition II . 15l f[g|R!]) . Let S be the sparse subset promised by Theorem 14.21 

We need to prove that p{Xb) = p{Xfj) for all b G B{k) outside S. Fix b, and suppose 
that [H] G NS Aft, where H G PicAf,. The Hodge class ci{H) on is Hodge- Tate, so by 
Theorem 14. 21 it comes from some Hodge- Tate class j3 onX . By the Lefschetz (1, 1) theorem, 
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there is a nonzero integer n such that n(3 = ci(7i) for some Ti. G Pic X. Corollary 13.81 apphed 
to and b shows that p{Xi,) = p{Xf^). 

4.9. Reductions. We now complete the proof of Theorem 11.41 by showing how to elimi- 
nate the extra hypotheses made in Setup 14.11 First, we may base-extend by -Bred ^ B to 
assume that B is reduced. By Proposition ll.lSl iaj). we may replace B by any nonempty 
open subscheme U and X by f~^{U). In particular, we may assume that B is smooth and 
quasi-projective. We may base extend to a suitable finite extension of kf and select an irre- 
ducible component, because of Proposition ll.lSt jgj): this lets us assume moreover that B is 
geometrically irreducible. 

It remains to replace "proper" by "projective". If B is fixed, then the property that a 
given X ^ U over a given dense open subscheme U of B satisfies Theorem 11.41 depends only 
on the generic fiber Xj^, by Proposition ll.lSt tajl again. If X' U' is another instance such 
that X^ is the blow-up of X^, along a smooth center, then Theorem 11.41 for X' is equivalent to 
Theorem 11.41 for X, because p{Xl) — p(Afe) = p{X^) — p{Xf^) for all /c-points 6 in a sufficiently 
small dense open subscheme of B (cf. Remark 110. 5p . The same holds more generally if X^ 
and Xrf are birational, because birational maps in characteristic admit a weak factorization: 
see the first sentence of Remark 2 following Theorem 0.3.1 in |AKMW02] . Chow's lemma 
implies that the generic fiber X^^ of our proper 5-scheme X is birational to some smooth 
projective K(?7)-variety 3^^, which can be spread out over a dense open subscheme of B, so 
the projective case now implies the general case. 



We now begin work toward the p-adic proof of Theorem 11.11 
5.1. Goal of this section. 

Definition 5.1. Assume Setup [T31 Let d = dimBx- Let 6 be a smooth i^-point on Bk- 
If i? is a closed subscheme of A", a polydisk neighborhood of 6 is a neighborhood U of 6 in 
B{K) in the analytic topology equipped with, for some e > 0, a bijection 



defined by an n-tuple of power series in ^i, . . . , 2;^ with coefficients in some finite extension of 
K. (Such neighborhoods exist by the implicit function theorem.) A polydisk neighborhood 
of b in an arbitrary i? is a polydisk neighborhood of b in some affine open subscheme of B. 
Let Jif{U) be the subring of . . . , Zd]] consisting of power series g with coefficients in 

some finite extension of K such that g converges on the polydisk. 

The goal of Section [5] is to prove the following: 

Lemma 5.2. Assume Setup [7731 Let bo G B{Oj^) C B{K) be such that B^ is smooth at 
bo- Then there exists a polydisk neighborhood U of bo contained in B{0^) and a finitely 
generated Z-submodule A C Jif[U)"' for some n such that 



5. Convergent isocrystals and de Rham cohomology 



{{zi,...,Zd) eK ■.\zi\<e}^U 




aga 
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Remark 5.3. The analogue over C is a well-known consequence of the Lefschetz (1,1) theo- 
rem [Voi03t §5.3]. But the union will often be dense in 5(C), so this analogue is not useful 
for our purposes. 

5.2. Coherent sheaves on p-adic formal schemes. In the next two subsections, we recall 
some key notions of |Ogu84] , specialized slightly to the case we need. Assume Setup 11.51 

Definition 5.4 (cf. |Ogu84 §1]). A p-adic formal scheme over Ok is a noetherian formal 
scheme T of finite type over Spf Ok- (See |EGA 1\ §10] for basic definitions regarding formal 
schemes.) 

Example 5.5. Let X be a smooth proper scheme over Ok- Its completion with respect to 
the ideal sheaf p^x is a p-adic formal scheme X. "Formal GAGA" states: 

(a) The functor Coh(X) — s> Coh(X) mapping ^ to its p-adic completion ^ is an equivalence 
between the categories of coherent sheaves [EGA IILTt CoroUaire 5.1.6]. 

(b) Under this equivalence, line bundles on X correspond to line bundles on X. 

(c) For any ^ G Coh(X) and q G Z>o, there is an isomorphism of Oi^-modules H'^(X, ^) ^ 
H^(X,#) |EGA m.li Corollaire 4.1.7]. 

We write Cg> ■ as an abbreviation for K ®Ok '■ Similarly, K ® ■ means K ®Ok '■ 

Definition 5.6 ( |Ogu84 Definition 1.1]). For any p-adic formal scheme T, let Co\i{K ® C't) 
denote the full subcategory of {K ® ^7^)-modules isomorphic io K ® ^ for some coherent 
(^T-niodule ^ . 

Remark 5.7. Let i? be a separated finite-type (9i<:-scheme. The rigid generic fiber of the 
formal scheme 13 is open in the rigid analytification {BkY'^ of Bk- So, given a coherent 
sheaf ^ on B and Bq G B{Ok) ^ B{K) such that Bk is smooth at h^, we have two routes to 
construct the "restriction" of to a sheaf on a sufficiently small rigid analytic neighborhood 
of h^. one route goes through and the other goes through ^k on Bk- In particular, if 
."^K is locally free of rank n on Bk-, and t/ is a sufficiently small polydisk neighborhood of 
6o, then a choice of local trivialization of ^k lets us "restrict" global sections oi K ® ^ to 
obtain elements of ^(f/)". (Although we have used some language of rigid geometry in this 
remark, it is not needed anywhere else in this article.) 

5.3. Definition of convergent isocrystal. Given a p-adic formal O/^-scheme T, let Ti be 
the closed subscheme defined by the ideal sheaf pffx, and let Tq be the associated reduced 
subscheme (Ti)red- 

Definition 5.8 (cf. |Ogu84[ Definition 2.1]). An enlargement of Bk is a p-adic formal Ok- 
scheme T equipped with a fc-morphism z: Tq ^ Bk- A morphism of enlargements (T', z') 
(T, z) is an O/^-morphism T' ^ T such that the induced /c-morphism Tq Tq followed by 
z equals z' . 

Example 5.9. Given s G B{k), let denote the enlargement (Spf 0/^, Spec A B^) of 
Bk- 

Example 5.10. If 7: 5' ^ is a morphism of (9/^-schemes of finite type, then we view 
B' as an enlargement of B^ by equipping it with the /c-morphism (j^'^ = (-Bfc)rcd 
induced by 7. 
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Definition 5.11 (cf. |Ogu84[ Definition 2.7]). A convergent isocrystal on Bk consists of tlie 
following data: 

(a) For every enlargement (T, z) of Bk, a slieaf Et G Coh.{K (8) ^t)- 

(b) For every morpliism of enlargements g: {T',z') — ^ {T,z), an isomorpliism 6g: g*ET 
Et' in Coli(ir® i^t). Ifh: (T", z") (T', z') is anotlier, tlie cocycle condition ^^0/1*^^ = 
9goh is required, and 9id = id. 

5.4. Crystalline and de Rham cohomology. 

Definition 5.12 (cf. |Gro68l §7] and |Ber74l III.l.l]). Let K and k be as in Setup Ol and 
let W be the Witt ring of k, so Ok is finite as a l^-module. Given a smooth proper /c-variety 
X and q E Z>o, we have the crystalline cohomology H^j.;g(X/iy), which is a finite ly-module. 
Define 

Hg„,(X/J O := K H,«ns(^/W^)- 
There is a Chern class homomorphism |Gro68l §7.4] 

cf- PicX^HLWiT). 

Remark 5.13. The fact that crystalline cohomology is a Weil cohomology |GM87j implies 
|Kle68l 1.2.1] that cf%^) depends only on the image of ^ in NSXp 

Definition 5.14. If X A SpfOi^ is a smooth proper p-adic formal scheme and q G Z>o, its 
de Rham cohomology over K is defined in terms of hypercohomology as follows (cf. |Gro66] ): 

This is a finite-dimensional A'- vector space equipped with the Hodge filtration Fil* 'R'^^^{X/ K). 
There is a Chern class homomorphism (cf. [Har75t II. 7. 7]) 

cf : VicX^^l^{X/K). 

5.5. Crystalline and de Rham cohomology in families. If instead of a single fc-variety 
or p-adic formal O/^-scheme we have a family, then the A'- vector spaces Hjj^(X/A') and 
H^j,jg(X/A') are replaced by a coherent sheaf, or a compatible system of sheaves (namely, a 
convergent isocrystal). 

The statement for crystalline cohomology takes the following form: 

Theorem 5.15 (cf. |Ogu84 Theorems 3.1 and 3.7]). Assume Setup 17751 For each q G Z>o, 
there exists a convergent isocrystal E := ^I^^^J^^x/k on Bk with an isomorphism of K-vector 
spaces Els'] — H^j.;g(A's/A') for each s G B{k). 

The de Rham version can be stated as follows: 

Theorem 5.16. Let g : y ^ T be a smooth proper morphism of p-adic formal schemes and 
let q G Z>o. The sheaf K^Wg^VLyjj, G Coh(A'® i^^) has a Hodge filtration in Coh(A'(g)^T)- 
Pulling hack g along a morphism of p-adic formal schemes t: Spf Ok T , yields a p-adic 
formal scheme Spf Ok, and pulling hack the sheaf yields the filtered K-vector space 

Definition 5.17. For a smooth proper morphism of p-adic formal schemes g: y —>■ T, define 
B.°''{y/K) := {K®R^g,rfy/T)/Fil\K®R^g,Q'y/T). 
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Remark 5.18. If ^ — T arises as the p-adic completion of a smooth proper morphism 

f: X ^ B oi Oi^-schemes, then B."^{y/K) ~ K ® ^f^x in Coh(Js: ® ^t)- Moreover, 
{R^f^ffx)\^^ is a locally free ^b,^, -module |Del68l 5.5(i)]. 

5.6. Comparison and the p-adic Lefschetz (1, 1) theorem. The following result iden- 
tifies crystalline and de Rham cohomologies, even in the family setting. 

Theorem 5.19. Assume Setup [7731 Let {T,z) be an enlargement of Bk- Let /q: ^ Tq 
he obtained from f : X ^ B by base change along z: Tq ^ Bk "-^ B. Let g: y ^ T be 
a smooth proper lifting of fo- Then for each q G Zi>o there is a canonical isomorphism 
(cf |Ugu84[ Theorem 3.8.2]; 

Moreover, if t & T{Ok) and s = z(t{Speck)) G B{k), then the isomorphism o"cris,t induced 
by crcris,T on the fibers above t fits in a commutative diagram (cf. |BI70| 2.3], |B083l 3.4]^ 

Pic Xt ^ Pic Xs 



Finally, we have what one might call a p-adic analogue of the Lefschetz (1, 1) theorem: 

Theorem 5.20 (cf. |B()83l Theorem 3.8]). Let X ^ Spf C/< be a smooth proper p-adic 
formal scheme. Let be a line bundle on X^. Then the following are equivalent: 

(a) There exists m such that lifts to a line bundle on X. 

(b) The element o/ H^p (X/K) := K ^W^g^VL'^i^^ corresponding under acris,OK Ci{^k) £ 
Rl^i^iXk/K) maps to in the quotient H^^{X/K). 

All the above definitions and results are compatible with respect to base change from Ok 



to Ol for a finite extension L of K |Ogu84[ 3.6, 3.9.1, 3.11.1]. 



5.7. Proof of Lemma 15.21 There is a unique irreducible component of Bj^ containing 
the point of B{K) corresponding to h^. Replace by a finite extension so that feo and this 
component are defined over K., and replace B by the closure of this component. Then replace 
B by an open subscheme to assume that _B is a closed subscheme of A*" = Spec Ok[ 
for some r. Translate so that feo is the origin in A^. Let s G B{k) be the reduction of 6o, the 
origin in M{k). 

Let A*" ^ A'' be the morphism induced by the Ox-algebra homomorphism mapping 
each variable Xj to pxi. Let B' = p~^{B). Let Bq G B'{Ok) be the origin, so pih'o) = bo. Let 
T = B'. Pulling back f : X ^ B yields a morphism of Oi^-schemes X' B' . Completing 
yields a morphism of p-adic formal Oi^-schemes Xt — ^ T. We write / for any of these. 

Let E be the convergent isocrystal B^^^-^^f^ffx/K on Bk given by Theorem 15.151 Because 
the special fiber of T maps to s G B{k), we have a morphism of enlargements T [s], so 
the definition of convergent isocrystal gives an identification 



and the latter is a trivialized sheaf in Coh(i^ ® ^t)- 
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Let be a line bundle on Xg. Then c'i^^^{Jfk) £ ^Irisi^s/ K) gives rise to a constant 
section -fcvisi-^k) of }il^-^^{Xs/ K) ®Ok ^ ^t- Applying cr;;?^ ^ yields a section 7dR(-^fc) of 
i^^M^/,,!]^^^^, which can be mapped to a section 7o2(=^fc) of the quotient sheaf Y]P'^{Xt/ K). 

Let 6' G B'{Ok)- Let A";,/ be the Ci^-scheme obtained by pulling back A" — > i? by the 

b' 

composition SpecO^^ B' ^ B. Let Xb',K = '^b' x K- We can "evaluate" 7cris(-^fc)5 

v 

7dR(-Sffc), and 7o2(=^fc) at by pulling back via Spf Ok ^ T to obtain values in /T- vector 
spaces 

7cris(^;t,6')eHL(^s/i^), 
7dR(^fc,&') eH^R(^,/i^), and 

7o2(^fc,6') eH°2(^,/ir). 

Because the composition of enlargements h' T ^ \s\ is the identity, the cocycle condition 
in Definition EH] yields 7cris(^fc,&') = cf^(^fc)- 

Everything so far has been compatible with base extension from Ok to Ol for a finite 
extension L of /T, and we may take direct limits to adapt the definitions and results above 
to O-i^. 

Proposition I3.6lfcl) gives an injective homomorphism 

sp-,,,: {mx,,;j^)Q^{mx,)Q. 

Claim 5.21. The class [^k] ^ (NS Xs)q is in the image of spg/ j if and only if 7o2(«^fc, b') = 0. 

Proof. Suppose that [^k] is in the image of sp^/ g. After multiplying by a power of p, replacing 
by a finite extension, and tensoring with a line bundle algebraically equivalent to 
(which, by Remark I5.13[ does not change any of the sections and values 7.(-))) we may 
assume that the isomorphism class of =Sffc in Pic Xs is the specialization of the isomorphism 
class of some line bundle .if/^ on X^'^k- Lift -^k to a line bundle =Sf on the O/^-scheme Xt,'. 
Completing yields ^ G PicXhi. The commutative diagram in Theorem 15.191 shows that the 
element cf^(=Sf) G li^Yii^b' / K) is mapped by (Jcris.fe' to c™**(=Sffc). Then Theorem 15.201 applied 
to Xb> shows that 702 (-^^fc, b') =0. 

Conversely, suppose that 7o2(=^fc5^') = 0. Theorem 15.201 applied to X^,' shows that after 
raising to a power oip, we have that =5ffc comes from some ^ on Xh'. By Example 15. 5lfb|) . 
Jtf comes from some =Sf on Xb'. Then [Jifk] = spi,^g{[K ® =Sf]). This completes the proof of 
Claim [5211 □ 

Because of Remark 15.131 702 defines a homomorphism from NS Xg to the space of sections 
of the sheaf K®K H^^Xt/K). Let At be the image, so At is a finitely generated Z-module. 
For any b' G B'{Oj^), evaluation at b' defines a homomorphism ev^/ from At (or (At)^) to 
H02(^,/Z). 

Applying Claim 15.211 over all finite extensions of Ok yields 
Corollary 5.22. 
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(a) For any h' G B'{0^), p{Xh') is the rank of the kernel of the composition 



{mX,)Q (At)q — H^\X~y/K). 

■ ^ 

702 

(b) In particular, 

(5.23) p(A',0 >rkker7o2, 

with equality if and only if evy '■ Ay H^'^{Xy / K) is injective. 

Remark 15.181 lets us apply Remark 15.71 to ^ := R^/*^;t'' on B' to obtain a polydisk 
neighborhood U' of feg B'{0^) such that the subgroup At of global sections of ® 
H°^(A't/A') is expressed on U' as a subgroup A' of J^{U')"': in fact, if K is enlarged so 
that all elements of NS(Afg) are defined over the residue field k, then the coefficients of the 
elements in A' lie in K. For b' G U', we may interpret ev{,/ concretely in terms of evaluation 
of power series in A'. 

We will prove 

(5.24) rkker7o2 = p(A',^) 

by comparing both with pi^p) for a "very general" /3 G B'^ff-j^). 

Lemma 5.25. Let Z be a finite-type K-scheme that is smooth of dimension n. Let zq G 
Z{K). Then no countable union of sub schemes of Z of dimension less than n can contain a 
neighborhood of Zq in Z{K). 

Proof. Shrink Z so that there is an etale morphism it: Z ^ A". By the implicit function 
theorem, vr maps any sufficiently small neighborhood of zq in Z{K) bijectively to a neigh- 
borhood of vr(2;o) in A^lK), so we reduce to the case Z = A". This follows by induction on 
n by projecting onto A"^^ and using the uncountability of K. □ 

Corollary 13.101 and Lemma 15.251 show that there exists /? G i?'(^-^) near 6q such that 
p{Xp) = p{Xfj). For any b' G B'{ff^), we have 

(5.26) rkker7o2 < p{Xp) = p(A'^) < p{Xb>) 

by (15.231) . the choice of P, and Proposition I3.6l (p]). respectively. 

Claim 5.27. For some b' G i?'(#j^), we have rkker7o2 = p{Xi,i). 



Proof. Applying Proposition \6.M\ to A' gives a nonempty open subset V of the polydisk in 
such that ev^j is injective for u E V. Since K is dense in C, the set V contains a point 
in K , and we let b' be its image in B'{0^), so e\y is injective. Apply Corollary I5.22lfb|) to 
b'. □ 

Applying (I5.26P with b' as in Claim 15.271 proves (15.241) . 

Next, p maps U' isomorphically to a polydisk neighborhood U of feo in B{0^), and A' 
corresponds to some A C J^(U)"'. Substituting (I5.24p into Corollary I5.22lfjbl) . expressed on 
U in terms of A, shows that for b E U, 

p{Xb)>p{X^), 



^The proofs in Section [6] do not rely on any results in this section. 
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with equality if and only if A (6) 7^ for every nonzero A G A. This completes the proof of 
Lemma 15.21 



Remark 5.28. We conjecture that Lemma [5^ holds with B{0^) replaced by B{K), but 
crystalline methods do not suffice to prove this. This would imply that Theorem 11.61 holds 
with B{C) in place of B{Oc). 

6. Unions of zero loci of power series 

To understand the nature of the following statement, the reader is urged to consider the 
r = 1 case first. 

Proposition 6.1. Let C be as in Setup [7731 Let D = {{zi, . . . , Zd) E : v{zi) < e for all i} 
for some e > 0. Let R be the subring o/C[[2i, . . . , 2;^]] consisting of power series that converge 
onD. Let r be a nonnegative integer. Let K be a finite-dimensional 'Q^p-subspace of . Then 
there exists a nonempty analytic open subset U of D such that for all u G U, the evaluation- 
at-u map 

ev„: A^C" 
(/i,---,/r) ^ {fi{u),. . .Jr{u)) 

is injective. 

Remark 6.2. The archimedean analogue of Proposition 16.11 is false. For example, if A is 
the M-span of l,x,x^, then there is no m G C such that the evaluation-at-M map A ^ C is 
injective. Even if we consider only the Z-span of 1, x, x^, the evaluation-at-w map fails to be 
injective on a dense subset of C. 

The rest of this section is devoted to the proof of Proposition 16. II The proof is by induction 
on r. Because the base case r = 1 is rather involved, we begin by explaining the inductive 
step. 

Suppose that r > 1, and that Proposition 16. II is known for r' < r. Let vr: i?'' R^~^ be 
the projection to the first r — 1 coordinates. Let A*^''^ and A^^i be the kernel and image of 
ttIa. View A^''^ as a subgroup of R. For any u E D, we have a commutative diagram with 
exact rows 

(6.3) AM A A,_i 



— ^ c — ^ c — ^ c'-^ — ^ 0. 

The inductive hypothesis applied to A^^i C R^"^ gives a closed polydisk D' C D such that 
the right vertical map in (16. 3p is injective for all u G D'. The inductive hypothesis applied to 
A(^) c R gives a closed polydisk D" C D' such that the left vertical map in (16.31) is injective 
for all u G D". Then for u G D", the middle vertical map in (16. 3p is injective. This completes 
the proof of the inductive step. 

Before discussing the base case r = 1, we prove another lemma. Let v: C ^ QU {+00} 
be the valuation on C, normalized by v{p) = 1. If t = [ti, . . . ,ts) G for some s, define 
v{i) := mmj v{tj). 

Lemma 6.4. 
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(a) If ti, . . . ,tn G are Qp-independent, then (X^c^i^i) • ('^i? • • • ^(^n) G (Zp)" — (pZp)'^} 
zs finite. 

(b) If ti, . . . ,tn & C, then {v{t) '■ t = (^i^i 7^ some G Qp} has finite image in Q/Z. 
Proof. 

(a) The function 

(Zp)" - (pZp)" ^ Q 

(ai, ...,an)^v (^ttiti^ 

is continuous for the p-adic topology on the left and the discrete topology on the right, 
so by compactness its image is finite. 

(b) By replacing the ti with a basis for their Qp-span, we reduce to the s = 1 case of ([a]). □ 

From now on, we assume r = 1; i.e., A C R. Choose a Qp-basis /i, . . . , /„ of A. We may 
assume that D is the unit polydisk, so the coefficients of each /j tend to 0. Multiply all the 
fi by a single power of p to assume that /j G Oc[[zi, . . . , Zd]]. For some m, the images of fi 
in C[[zi, . . . , Zfi]]/{zi, . . . , Zd)"^ are Qp-independent, because a descending sequence of vector 
spaces in A with zero intersection must be eventually zero. Fix such an m. 

Let M be the set of monomials fi in the Zi whose total degree deg fi is less than m. For each 
/i, let cf G C be the coefficient of fi in fi. For each fi G M, apply Lemma [6^4llb| ) to c^*, . . . , 



to obtain a finite subset S'p of Q/Z. Let S = IJ^eA/ "^/i- Let qi, . . . ,qd be distinct primes 
greater than m that do not appear in the denominators of rational numbers representing 
elements of S. For z = 1, . . . , n, let G C**^ be the vector whose coordinates are the cf for 
fi G M. By choice of m, the ti are Qp-independent. By Lemma [6.4( [al). the set 

{v ""^^i) • • • • ' «n) G (Zp)" - (pZp)"} 

is finite; choose A G Q larger than all its elements. Choose a positive integer TV such that 

(6.5) mN > {m-l){N+l/qi) + A 
for all i. Let 

U := {{zu ...,Zn) : v{z,) =N+ l/q, for all z}, 

so U is open in D. 

Consider an arbitrary nonzero element / = J2a.n "^^A* '^^ ^- So / = Yll^=i ^ifi some 
(oi, . . . , a„) G Qp — {0}. Let u = {ui, . . . , Ud) G t/. It remains to show that f{u) ^ 0. 

By multiplying / by a power of p, we may assume that (oi, . . . , a„) G (Zp)" — (pZp)". If 
= ■ ■ ■ z^^ and deg fi > m, then 

(6.6) t;(cXM)) >0 + eiAr+--- + ediV>miV 

On the other hand, the definition of A yields ^ G M such that v{c^) < A, so that 

d 

(6.7) ^7(c«e(n)) < A + ^ei(iV+ l/g^) <miV 
by (1^ . 

To show that f{u) ^ 0, it remains to show that the valuations v{c^fi{u)) for fi & M are 
distinct, since then the minimum of these equals v{f{u)), by (16.61) and (16.71) . In fact, if 
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fi = zl^ ■ ■ ■ z^/ and deg/i < m, then for each i the choice of the qi imphes v{c^) G Z(g.) (i.e., 
Qi does not divide the denominator of f (c^)), so 

t;(cXM))e^ + Z(,,); 
0.1 

moreover < deg/x < m < qt, so Cj is determined by v{c^fi{u)). This completes the proof 
of Proposition 16.11 

7. Proof of Theorem 11.61 

Lemma 7.1. Let k k' be an extension of algebraically closed valued fields such that k is 
dense in k' . Then for any k-variety B, the set B{k) is dense in B{k') with respect to the 
analytic topology. 

Proof. Let h' G -B(/c') be a point to be approximated by /c-points. We may replace B by the 
Zariski closure of the image of h' under Bk' B. Then h' is a smooth point. We may shrink 
B to assume that B is etale over A" for some n. Since k is algebraically closed, we may 
reduce to the case that B is open in A". This case follows from k being dense in k' . □ 

Proof of Theorem \l.(A Let feo ^ B{Oc)- We need to show that any neighborhood Uq of in 
B{Oc) contains a nonempty open set V that does not meet -B(Cc) jumping- By Lemma [TTT] we 
may assume that feo ^ B{0^). Lemma [5.21 gives a smaller neighborhood Ui of in B{Oc), 
and Proposition 16.11 gives a nonempty open subset V of Ui such that p{Xb) = p{Xfj) for all 

beVnB{OT^). _ 

Suppose that b E V H i?(C(;)jumping- By Corollary I3.10[ b is contained in a .fr-variety Z 
such that Z{C) C -B(C)jumpmg- Lemma [TTT] gives b' E V H Z{K) C 5 (^7^) jumping, which 
contradicts the definition of V. □ 

8. Two PROOFS OF Theorem 11.11 

We show that the output of either the complex approach or the p-adic approach can be 
used to prove Theorem ll.il 



Proof that Theorem \1.4\ implies Theorem Let k and — > i? be as in Theorem 11.11 Let 



kf he the subfield of k generated by all coefficients involved in the description ol PC ^ B. 
Let kfhe the algebraic closure of kj in k. Theorem 11.41 shows that there exists b G B{kf) 
outside -B(A;j)jumping- Proposition 13.11 shows that Picard numbers are unchanged by base 
extension from one algebraically closed field to another, so b ^ -B(^)jumping too. □ 

Proof that Theorem \1.6[ implies Theorem Assume that k and X ^ B are as in Theo- 
rem II. 1[ Replacing i? by a dense open subscheme, we may assume that B is smooth over 
k. Choose a finitely generated Z- algebra A m k such that A" — > i? is the base extension of 
a morphism Xa — > Ba of A-schemes. By localizing A, we may assume that Xa — ^ Ba is a 
smooth proper morphism, and that Ba Spec A is smooth with geometrically irreducible 
fibers. Because of Proposition 13.11 we may replace k by the algebraic closure of Frac(/1) in 
k. 

By |Cas86t Chapter 5, Theorem 1.1], there exists an embedding A Zp for some prime 
p. Extend it to an embedding k Cp. Base extend by A * Zp to obtain X^^ — ^ -Bzp- Since 
Bzp SpecZp is smooth with geometrically irreducible special fiber, the set Bzp{Oc^) 
is nonempty. Apply Theorem 11.6! to Xzp — > B^p to find a nonempty open subset U of 
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Bzp{Ocp) C Bzp{Cp) = B{Cp) in the analytic topology such that p{Xb) = p{Xfj) for all 
h eU. The field k is dense in Cp since even Q is dense in Cp, so Lemma [7. II shows that U 
contains a point h of B{k)] this b is as required in Theorem ll.il because of Proposition l3.1[ □ 



9. Projective vs. proper 

Theorem 9.1. Let B be a variety over a field k of characteristic 0. Let X ^ B be a smooth 
proper morphism such that all closed fibers are projective. Then there exists a Zariski dense 
open subvariety U of B such that Xjj U is projective. 

Proof. We may assume that B is irreducible, say with generic point rj. Theorem 11.11 yields 
b E B{k) such that a specialization map NS — s> NS is an isomorphism. By assumption, 
Xb is projective, so we may choose an ample line bundle .Sfg on Afg. By construction of 
b, the class G comes from the class in NS A'f^ of some line bundle ^ on Xfj. 

By Proposition 13.6(16] ). ^ is ample. Then Jtf comes from a line bundle on Xl for some 
finite extension L of k,{B), so Xl is projective, so A"^ is projective |EGA lit 6.6.5]. Finally, 
spreading out shows that Xu — > f/ is projective for some dense open subscheme U of B 
[EGA IV. nil 8.10.5(xiii)]. □ 



Remark 9.2. Under the hypotheses of Theorem 19.11 we may also deduce that every fiber of 
X ^ B is projective: just apply Theorem 19.11 to each irreducible subvariety of B. But we 
cannot deduce that X ^ B is projective, or even that B can be covered by open sets U such 
that Xu ^ U is projective, as the following example of Raynaud shows. 



Example 9.3 ( [Ray 70 , XII. 2]). Let A be a nonzero abelian variety over a field k. Let a be 



the automorphism (x, y) {x, x + y) oi A x A. Let i? be a rational curve whose singular 
locus is a single node, and let B be its normalization. Then one can construct an abelian 
scheme A ^ B whose base extension to B is simply {A x A) x B with the fibers above the 
two preimages of the node identified via a. Moreover, for any neighborhood U of the node, 
Au —>■ U is not projective. 

Question 9.4. Can one construct a counterexample to Theorem 19.11 over k = Fp? 



Example 9.5. With notation as in Example 19.31 one can show that the first projection 
A X A X B ^ A factors through a morphism A ^ A whose fiber above a given a G A{k) is 
projective if and only if a is a torsion point. This provides a counterexample over ¥p except 
for the fact that A ^ A is not smooth. 



10. Cycles of higher codimension 

Many of our arguments apply to specialization of cycles of codimension greater than 1, but 
unfortunately there is a missing ingredient in each of our two approaches. In the complex 
approach, we would need a higher-codimension analogue of the Lefschetz (1, 1) theorem, i.e., 
either the Hodge conjecture or a weak version of it such as the variational Hodge conjecture. 
In the p-adic approach, we would need a higher-codimension analogue of the p-adic Lefschetz 
(1, 1) theorem (Theorem l5.20p . Emerton has conjectured such an analogue (Conjecture 110. 6p . 
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10.1. Cycle class maps. For a smooth proper variety X over a field, let ^^{X)q be the 
vector space of codimension-r cycles with Q coefficients. 

Definition 10.1. Let X be a smooth proper variety over an algebraically closed field k of 
characteristic 0. Fix a prime i. Define p^{X) as the dimension of the Q^-span of the image 
of the i-ad\c cycle class map 

clet: ^'■{X)Q^Rl:iX,Q,{r)). 

The homomorphism clgt factors through the vector space ^''(X)Q/alg of cycles modulo 
algebraic equivalence. Suppose that k' is an algebraically closed field extension of k. Then 
every element of ^''(Xfc/)Q/alg comes from a cycle over k{V) C k' for some /c- variety V, and 
can be spread out over some dense open subvariety in V, and hence is algebraically equivalent 
to the fc'-base extension of the resulting cycle above any A;-point of V. So ^''(X)Q/alg 
3f^{Xk/)Q/alg is surjective, and p^{X) = p^\Xy). This, together with standard comparison 
theorems, shows that p^{X) equals its analogue defined using the Betti cycle class map 

cWti: ^'\x)Q^B'\x-\q) 

when = C, and also its analogue defined using de Rham cohomology. The comparison 
with Betti cohomology shows that p^{X) equals dim^ clBctti(^'^(-^)Q), which is independent 
of £. 

As follows from [SGA 6t X App 7, especially §7.14], all the facts in Section 13.21 (other 
than facts not needed for the proofs of Theorem ll.il namely the claims about ampleness and 
about the cokernel of specialization being torsion-free) have analogues with NSX replaced 
by c\ct{!^^{X)^. In particular, in a smooth proper family, p^i^X) can only increase under 
specialization, and the jumping locus for is a countable union of Zariski closed subsets. 

10.2. The complex approach. The following will suffice for the higher-codimension ana- 
logue of Theorem 11.41 

Conjecture 10.2 (Variational Hodge conjecture). Let f : X B he a smooth projective 
morphism between smooth quasi-projective complex varieties with B irreducible, and let r be 
a nonnegative integer. Let b G B{C) and let ab G clBctti(^^('^6)Q)- If ^^t is the restriction 
of a class a G H^'"(A''^'^, Q) (or equivalently , at is invariant under the monodromy action of 
7Ti{B''^'^,b)), then there is a cycle class a' G clBctti(^'^('^)(Q) such that ab is the restriction of 
a'. 

Remark 10.3. The variational Hodge conjecture is a consequence of the Hodge conjecture 
because, as in Proposition 14.41 the class ab above is the restriction of a Hodge class a on 
some smooth completion of X. On the other hand, it is a priori a much weaker statement, 
since the Hodge class a is an "absolute Hodge class" in the sense of [DMOS821 p. 28]. 

Assuming Conjecture 110. 2| Theorem 11.41 has the following extension, whose proof is as in 
Sections 14.81 and 14. 9| modified in the nonprojective case according to Remark 110.51 

Theorem 10.4. Assume that k is an algebraic closure of a field kf that is finitely generated 
over Q. Let B be an irreducible kf -variety. Let X ^ B be a smooth proper morphism. Let 
r be a nonnegative integer. If Conjecture \10.2\ holds for r, then the set ofb& B{k) such that 
p'^{Xb) > p^{Xf^) is sparse. 
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Remark 10.5. In the blowing-up step in Section IT9| we can no longer assert that blowing-up 
increases by an amount that is constant for all fibers above a Zariski open subset of B. 
Instead we use the following formula (cf. |Voi03l Theorem 9.27]) for the blow-up X' of a 
smooth proper variety X along a smooth center Z of codimension c: 

0<fc<c-2 

where p^{Z) := if s < 0. This shows that under specialization, the values of p^(X') and 
p^{X) jump by the same amount, provided that the values p''~^~^(Z) do not jump, which can 
be guaranteed outside a sparse subset of B{k), by induction on r and Proposition 1 1 . 1 SK lbl) . 

10.3. The p-adic approach. Now assume that K, Ok, k are as in Setup 11.51 Let X 
SpecOi^ be a smooth proper morphism. We have a specialization map sp, cycle class maps 
cldR and clcris ( |Har75l II. 7. 8] and [GM87] . respectively), and a comparison isomorphism aais 
(cf. |Ber74l V.2.3.2]) making the following diagram commute: 

^'k{^KlK)^^l^{X,lK). 

Conjecture 10.6 (p-adic variational Hodge conjecture; cf. [Emel Conjecture 2.2]). Let no- 
tation he as above. Let E 3f^'{Xk)Q. If a~l^{c\cnsiZ k)) G Fil^ H^r(^a'/-^'^); then Zk comes 
from some Z G ^''(X/^)^. 

Remark 10.7. Conjecture 110.61 is slightly more general than [Emel Conjecture 2.2] in that 
the latter assumes that Ok is the Witt ring of its residue field. 

Remark 10.8. The r = 1 case of Conjecture 110.61 is equivalent to Theorem 15.201 (except for 
tensoring with Q instead of Z[l/p]): the distinction between S"^ and Pic is irrelevant since 
principal divisors on Xk are specializations of principal divisors on Xk- 

Repeating the p-adic proof of Theorem 11.61 yields the following. 

Theorem 10.9. Assume Conjecture \ lU.b\ Let notation he as in Setup \1.5\ Let r he a 

nonnegative integer. Then the set 

5(Oc7)jumping := {b G B{Oc) : p^m > p^iXf,)} 
is nowhere dense in B{Oc) for the analytic topology. 

10.4. An implication. We introduced above two different variational forms of the Hodge 
conjecture, in order to extend the results on Neron-Severi groups to higher-degree classes. 
We now show that Emerton's conjecture 110.61 is stronger. 

Theorem 10.10. The p-adic variational Hodge conjecture ( Conjecture 1 1 U. 6]) implies the 
variational Hodge conjecture ( Conjecture \10.^ ). 

The proof will use the following statement. 

Lemma 10.11. Let K he any field of characteristic 0. Let B he a K-variety. Let f : X ^ B 
he a smooth projective morphism. Let a he a relative de Rham class, i.e., an element of 
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H°(i?, M^''/^,f2^^^) . Then there exists a countable set of closed subschemes Vt of B such that 

for any field extension L D K and any b G B(L), the restriction af, E li'^^^(Xi, / L) is algebraic 
(i.e., in c\d-R{3f''{Xb)Q)) if and only if b e [J-Vi{L). 

Proof. This is a standard consequence of the fact that the codimension-r subschemes in the 
fibers of / are parameterized by countably many relative Hilbert schemes Hj, each of which 
is projective over B. Let E be M.'^'^ f^Q*^^^ viewed as a geometric vector bundle on B. The 
relative cycle class map is a 5-morphism Hj — * FiF E; its image is projective over B, and 
it parameterizes the classes of effective cycles given by Hj. Taking Q- linear combinations of 
these yields countably many closed subvarieties Wi of FiVE that together parameterize all 
de Rham cycle classes in fibers of /. The desired subschemes Vi are the inverse images of 
the Wi under the section B FiV E given by a. □ 

Proof of Theorem \lU.l(A Let X, B, /, b, a?,, and a be as in Conjecture I1U.2I Let Z G 
^^{Xb)Q be such that clBctti(2^) = Let X he a. smooth projective completion of X. 
As in Remark 110. 3[ we note that ai, = (y\x^, where a G H^'"(A' , Q) is a Hodge class. In 
the Leray spectral sequence, a maps to a relative Betti class in H°(i?'^'^, R^'"/^,C), and the 
relative Grothendieck comparison isomorphism identifies this with a relative de Rham class 
«dR € H°(_B,£'), where E is the sheaf ]R^''/*f2^^^ equipped with the Hodge filtration Fil' 
and Gauss-Manin connection. Since a is Hodge and restricts to the same section of E as a, 
ttdR is a horizontal section lying in H^{B, Fif E). 

There is a finitely generated subring A C C such that X, B, /, 6, Z, E, and ctdR are 
obtained via base change from corresponding objects over A, which we next base extend by 
an embedding A provided by [Cas86l Chapter 5, Theorem 1.1]. To ease notation, 

from now on we use the notation of Setup [T75] with Ok '■= Zp, and reuse the symbols above 
to denote the corresponding objects over Ok- Let s G B{k) be the reduction of 6 G B{Ok)- 
We may assume that the constituents of Z are flat over Ok-, so that the special fiber Zs is 
the specialization of Zk- 

As in the proof of Lemma [5.21 we use clcris(^s) G ^l^rmi'^s/ K) to construct a horizontal 
section 7dR(^s) of Elo for some closed polydisk neighborhood D oi b inside the residue 
disk in B{Ok) corresponding to s. (This time we need only the O^-points, not the O^- 
points.) Since 7dR(-Z^s) and adR.i^lz) are horizontal sections taking the same value at b (namely, 
cldR(^i<:)), they agree everywhere on D (this is just the fact that a convergent power se- 
ries whose derivative vanishes identically on a polydisk is constant). In particular, for any 
b' E D C. B{Ok), the value of 7dR(^s) at the generic point 6^ of b' is in FiV Ej,>j^. So Con- 
jecture 110.61 applied to the Ox-morphism Xf,' By implies that Zs is the specialization of 
some Z' G ^''{Xy^)^. Now the classes a^KMb'^ = 7dR(^s)|6'^ and cldR(2'') in Y{%^{Xy^/K) 
coincide because both are mapped by the isomorphism a^is to clcris(-^s) £ ^r\s{'^s/ K). So 
the value of a^K^K on any A'-point in D is an algebraic class. 

Applying Lemma 110.111 to Xk Bk and aAK,K yields a countable set of closed sub- 
schemes Vi of Bk- The previous paragraph shows that D C \jVi{K). By Lemma |5.25[ 
we have dimV^ = dim for some i. This Vi contains the generic point rj of Bk- So 
Q'dR.xl?? = cldR(l^,,) for some G ^^(A'^)q. Taking the closure in Xk of the constituents 
of Yr, defines some Yk G ^'^{Xk)q- To Yk we associate a relative de Rham class ^ G 
R°{BK,R'^''f*n*^^^/BjJ and a Betti class a' := clBetti((lx)'''') G FL^'' {X^'',Q), where the com- 
plex analytic spaces are obtained by fixing an A-algebra homomorphism K C The set 
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{q G Bk '■ Ci'dRKlq — CidR,K\q} is closed and contains 77, so it contains b, which we now view 
as a i^-point. Under the comparison isomorphisms, the equal de Rham classes a'^^^xlb ^^id 
C(dR,K\b correspond to the Betti classes a[ and ab, so = at- □ 
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